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Abstract: For p > 1 we find the Bellman function of two variables associated with the 
dyadic maximal operator on R n . Actually, we do that in the more general setting of 
tree-like maximal operators. We provide a simple and elementary proof, different from 
those in [3] and [5]. 
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1. Introduction 

The dyadic maximal operator on R n is a usefull tool in analysis and is defined by: 
M d (f)(x) = sup 1 J \(f)(u) | du : x G Q, Q C M. n is a dyadic cube j (1.1) 

for every cj) € Lj- (R n ), where the dyadic cubes are those formed by the grids 2~ N Z, n , 
for N = 0,1,2,... . It is well known that it satisfies the following weak type (jl.ip 
inequality 

\{x G K n : M d 4>(x) > X}\ < - [ \<Ku)\du, (1.2) 

A J{M d <t>>\} 

for every cp £ L 1 (M n ) and every A > 0, from which it is easy to get the following 
L p -inequality: 

WM^Wp < ^-j\\(l>\\ p , (1.3) 

for every p > 1 and every <f) £ L p (M n ). 

It is easy to see that (|1.2p is best possible. It has also been proved that (jl.3p is best 
possible see [1] and [2] for general martingales and [2] for dyadic ones). 

In studying dyadic maximal operators it would be convenient to work on functions 
defined on [0, l] n and more generally on a non-atomic probability measure space (X, fi) 
equipped with a tree T, associated to it, the maximal operator Aij- is defined. 



Then (|1.2|) and (|1.3|) remain true and sharp in this setting. 

An approach for studying such maximal operators is the introduction of the so 
called Bellman functions (see [5]) related to them. 

The main Bellman function of two variables is defined by: 

B p (f, F) = sup | J^(M T ^) p dfi : </>>Q,J<f>dfi = f,J pd/i = f\ (1.4) 

for < f p < F, which was firstly computed in [3], and proved to be independent of the 
structure of T and the measure space (X,fi). 

There are several problems in Harmonic Analysis where Bellman functions naturally 
arise. Such problems (including the dyadic Carleson imbedding Theorem and weighted 
inequalities) are described in [7] (see also [5], [6]) and also connection to Stochastic 
Optimal Control are provided, from which it follows that the corresponding Bellman 
functions satisfy certain nonlinear second-order PDEs. 

The exact computation of a Bellman functions is a difficult task which is connected 
with the deeper structure of the corresponding Harmonic Analysis problem. Thus far 
several Bellman functions have been computed (see [I], [3], [3J, [8], [10], [11], [12], [T5]). 

In 01, it is proved that B p (f,F) = Fuj p {f p / 'F) p , where uj p : [0,1] -> 1, ^ , is 

the inverse function of H p defined for z € 1, -^j by H p (z) = — (p — l)z p + pz^ 1 . 

The difficult part of this proof is to show that the above function is in fact an upper 
bound of the Bellman function given in (|1.4D , 

Another approach has also been given in [9] where the Bellman function comes as 
a solution of a certain differential equation. 

It seems now that there exists a simpler proof of the above mentioned fact which 
depends only on (jl.ip . 

In fact we are able to show the following. 

Theorem 1. Let p > 1, < f p < F. Then for every <p £ L p {X,ii) such that <p > 0, 

j 4>dfi = f, J (fPdfA = F the following holds 
x x 



{M T ^fdli<Fuj p {f p /F) p . M 

2. Main definitions and proof of Theorem [I] 

Let (X, jj) be a non-atomic probability measure space. We give the following. 

Definition 1. A set T of measurable subsets of X will be called a tree if the following 
conditions hold 
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i) X € T and for every I € T we have fj,(I) > 0. 

ii) For every I £ T there corresponds a finite or countable subset C(I) C T, con- 
taining at least two elements such that 

(a) The elements ofC(I) are pairwise disjoint subsets of I. 

(b) i = uc(i). 

Hi) T = U T( m )> where Tiq\ = {X} and 

m>0 



v+d= U c w- 



iv) We have that lim sup/u(I) = 0. 



m — > oo 



Definition 2. Given a non-atomic probability measure space (X, [i) and a tree T on 
X, we set for every <f> E L l (X,n), 

Mt<P( x ) = su p | -jjj J \^ d ^ '■ x e 1 G ^| ■ m 

As it is mentioned before h 1.2(1 and tl.3\) remain true for Mj- as defined by. That is 
»{{M T <t> > A}) < \ [ \t\dn, (2.1) 



for every 4> € L (X,(i) and, 

II Mi-(h\\„ < 

p — 1 



IIA^IIp^-^tMp, ( 2 - 2 ) 



for every <j) € L p (X,/i). 

We now proceed to: 
Proof of Theorem 1: We have that 

/ {Mr^fdu = / pA p "V({-Mr0 > A})dA = (since M T ^ > f on X) 
Jx Jx=o 

r+oo 

= fP+ P A p -V({A^r0 > A})dA. 
Jx=f 

From (]2.ip we have now that: 

r+oo „ / /■ \ 

(p(x)dfi(x) I dA. 



/ (M r <l>) p d»<f p + / +0 °pA^ 2 f / 

JI JA=/ W{. 



{.M r <£>A} 



A use now of Fubini theorem gives (since M-j-(p(x) > /, for every x € X) 



x 



(M T <t>) P d»<f p +p / cj>(x){ 



x 



Mt4>( x ) 



X p - 2 d\)dn(x) 



X 



p 

= L_ fp + _p_ 

p-1 p-Ijx 
which in view of Holder's inequality shows that: 



(M T <l>) p dn < 



1 -fp + p 



P 



i/p 



(M T <t>) p dv 



p-i/p 



(2.3) 



x p-V p-1 KJX j yj x 

If we set I = j (Aif(j)) p dfi, we obviously have, upon dividing both sides of (|2.3|) with 
F, that 



x 



H p (w) = -(p - l)w p +PWP- 1 > 4, 



i/p 



where w = 

But Hp is strictly decreasing on 



' p-1 



. Since io E 



1 



(2.4) 



by S (if io < 1 



we have nothing to prove), we immediately obtain that uu < oj p (f p /F) or that / < 
Fojp(f p / F) p which is the desired result. ■ 
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